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LCalculus Primer

Calculus Primer

Goal: This section provides a brief review of various calculus tidbits
that we’ll be using later on.

First of all, let’s suppose that f(x) is a function that maps values of x
from a certain domain X to a certain range Y, which we can denote
by the shorthand f : X — Y.

Example If f(z) = 22, then the function takes z-values from the
real line R to the nonnegative portion of the real line R™.
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LCalculus Primer

Definition We say that f(x) is a continuous function if, for any x¢
and z € X, we have lim,_,,, f(x) = f(zo), where “lim” denotes a
limit and f(x) is assumed to exist for all z € X.

Example The function f(x) = 322 is continuous for all z. The
function f(x) = |x| (round down to the nearest integer, e.g.,
|3.4| = 3) has a “jump” discontinuity at any integer z. O

Definition If f(z) is continuous, then it is differentiable (has a
derivative) if

%f(x) = ) = lim LETN = /@)

h—0 h

exists and is well-defined for any given x. Think of the derivative as
the slope of the function.
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LCalculus Primer

Example Some well-known derivatives are:

[xk]/ — k.l?k_l,

[cos(z)] = —sin(x),
) = -,
1
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LCalculus Primer

Theorem Some well-known properties of derivatives are:

laf(z)+8] = af'(z),

[f (@) +9(=)]" = f'(x) +4(2),

[f(x)g(x)] = f'(x)g(x)+ f(x)g' (x) (product rule),

(quotient rule)?,

[f(9(2))] = f'(g(x))g'(x) (chain rule)®.

"Ho dee Hi minus Hi dee Ho over Ho Ho.

2www.youtube.com/watch?v=gGAiW5dOnKo
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LCalculus Primer

Example Suppose that f(z) = 22 and g(z) = ¢n(z). Then

F@)g(@)] = ——a?n(z) = 2ei(x)+ 2,
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LCalculus Primer

Remark The second derivative f”(z) = - f/(z) and is the “slope of
the slope.” If f(x) is “position,” then f’(z) can be regarded as

“velocity,” and as f”(x) as “acceleration.”

The minimum or maximum of f(x) can only occur when the slope of
f(x) is zero, i.e., only when f’(x) = 0, say at = x¢. Exception:
Check the endpoints of your interval of interest as well.

Then if f”(x¢) < 0, you get a max; if f”(xg) > 0, you get a min; and
if f”(xzo) = 0, you get a point of inflection.

Example Find the value of z that minimizes f(z) = €2* + e~*. The
minimum can only occur when f(z) = 2e%* — =% = (. After a little
algebra, we find that this occurs at 29 = —(1/3)¢n(2) ~ —0.231. It’s
also easy to show that f”(z) > 0 for all x; and so x( yields a
minimum. O
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Finding Zeroes: Speaking of solving for a 0, how might you do it if
a continuous function g(x) is a complicated nonlinear fellow?

B Trial-and-error (not so great).

B Bisection (divide-and-conquer).

B Newton’s method (or some variation)

B Fixed-point method (we’ll do this later).
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Bisection: Suppose you can find z; and x5 such that g(z;) < 0 and
g(x2) > 0. (We’ll follow similar logic if the inequalities are both
reversed.) By the Intermediate Value Theorem (which you may
remember), there must be a zero in [z1, 2], that is, z* € [x1, 23] such
that g(z*) = 0.

Thus, take 3 = (1 + x2)/2. If g(x3) < 0, then there must be a zero
in [x3, z2]. Otherwise, if g(x3) > 0, then there must be a zero in

[x1, z3]. In either case, you’ve reduced the length of the search
interval.

Continue in this same manner until the length of the search interval is
as small as desired.

Exercise: Try this out for g(z) = 22 — 2, and come up with an
approximation for /2.
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Newton’s Method: Suppose you can find a reasonable first guess
for the zero, say, x;, where we start off at iteration ¢ = 0. If g(z) has a
nice, well-behaved derivative (which doesn’t happen to be too flat
near the zero of g(x)), then iterate your guess as follows:

g(;)
g'(x:)

Tit1 = Tj—

Keep going until things appear to converge.

This makes sense since for z; and x;41 close to each other and the

zero x*, we have
oy g@) = g()
glai) ~ -z
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Exercise: Try Newton out for g(z) = 2? — 2, noting that the
iteration step is to set

:U?—Z T; 1

Tit1l = Ty — —_— T —.
o ’ 2{L’i 2 ZT;

Let’s start with a bad guess of 1 = 1. Then

I 1 1
= L2 241 =15
T2 5 +x1 2+
xI9 1 1.5 1
= 242~ 224~ 14167
3 5 T 1 2 15
1
2y = B4~ 14142 Wow! O
2 I3
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Integration

Definition The function F'(z) having derivative f(z) is called the
antiderivative (or indefinite integral). It is denoted by

F(z) = [ f(z)da.

Fundamental Theorem of Calculus: If f(z) is continuous, then
the area under the curve for = € [a, b] is denoted and given by the
definite integral 3

b
/ f(x)dx = F(x)] = F(b)— F(a).

3“I'm really an integral!”
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Example Some well-known indefinite integrals are:

xk+1
/xkdx = k+1+0 for k # —1

/da: = In|z| + C,
T
/e“dm = e+ C,

/cos(sc) dxr = sin(z) + C,

d
/ 1 +J:x2 = arctan(z) + C,

where C'is an arbitrary constant. O
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Example It is easy to see that

d cabi
/ Ca‘m = /{n|cabin| + C = houseboat. O
cabin

Theorem Some well-known properties of definite integrals are:

([ﬂmmza

[ rwar = - [ sy

/abf(a:)da: - [f@)dw/ff(@@.
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Theorem Some other properties of general integrals are:

Ju@ @iz = [ f@yde+ [ g dn,

[ 1@ (@) dx = f@ig(o)- [ 9()f (@) dz Gmegration by pans’

/f(g(x))g'(:c) dr = /f(u) du  (substitution rule)®.

“www.youtube.com/watch?v=0TzLVIc-O5E

Swww.youtube.com/watch?v=eswQl-hcvU0
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Example Using integration by parts with f(z) = z and ¢/(z) = €?*
and the chain rule, we have

1
1 - erm 1 62:1: 62 62:1:
ze dr = — —dr = — — —
0 2 |, Jo 2 2 4

Definition Derivatives of arbitrary order k can be written as f (k) (x)
or L f(x). By convention, f©)(z) = f(x).

The Taylor series expansion of f(x) about a point a is given by

Zf x—a)‘

The Maclaurin series is simply Taylor expanded around a = 0.
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Example Here are some famous Maclaurin series.

s k+1 p2k+1
sin(x E ,
2k: 1)!
k=0 T
e k 2k

cos(x —_—
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Example And while we’re at it, here are some miscellaneous sums
that you should know.
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Theorem Occasionally, we run into trouble when taking
indeterminate ratios of the form 0/0 or co/co. In such cases,
L’Hospital’s Rule® is useful: If the limits lim,_,, f(x) and
lim,_,, g(z) both go to 0 or both go to co, then

f(z) - f'(x)

o g(w) e g/(@)’

Example L'Hospital shows that

lim = lim cos(z) =1 0O
x—0 x z—0 1

sin(x)

5This rule makes me sick.
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Computer Exercise: Let’s do some easy integration via Riemann
sums. Simply approximate the area under the nice, continuous
function f(x) from a to b by adding up the areas of n adjacent
rectangles of width Az = (b — a)/n and height f(x;), where

x; = a + Az is the right-hand endpoint of the ith rectangle. Thus,

b S fanar = PSR (i)
/af(x)dx ~ ;f(xZ)Ax— - ;f(ﬁ ~ )

In fact, as n — o0, this result becomes an equality.

Try it out on fol sin(mx/2) dx (which secretly equals 2/7) for
different values of n, and see for yourself.
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Riemann (cont’d): Since I'm such a nice guy, I’'ve made things
easy for you. In this problem, I’ve thoughtfully taken a = 0 and
b =1, so that Az = 1/n and z; = i/n, which simplifies the notation

a bit. Then

/abf(az)dx = /01 f(x)dx
zn:f(a:Z)Ax
i=1
= :L; sin (%)

For n = 100, this calculates out to a value of 0.6416, which is pretty
close to the true answer of 2/7 ~ 0.6366. O

Q
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Computer Exercise, Trapezoid version: Same numerical
integration via the Trapezoid Rule (which usually works a little better
than Riemann). Now we have

b n—1
/ f(z)dz = [f(§0> + Zf(:cz) + f(;n)] Ax
@ i=1

n—1 .
_ H[ﬂa)+zf(a+z<b—a>)+f<b>
=1

n 2 n

Again try it out on fol sin(mx/2) dx.
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Computer Exercise, Monte Carlo version: You will soon learn
a Monte Carlo method to accomplish approximate integration. Just
take my word for it for now. Let Uy, Us, . . ., U, denote a sequence of
Unif(0,1) random numbers, which can be obtained from Excel using
RAND (). It can be shown that

n

b o
[ t@ae = TS fak (0= a)th)

with the result becoming an equality as n — oo.

Yet again try it out on fol sin(rz/2) dx.
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LBalsics

Basics

Will assume that you know about sample spaces, events, and the
definition of probability.

Definition: P(A|B) = P(AN B)/P(B) is the conditional
probability of A given B.

Example: Toss a fair die. Let A = {1,2,3} and B = {3,4,5,6}.
Then
P(ANB) 1/6

P(AlB) = P(B) ~ 4/6

=1/4. DO
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LBalsics

Definition: If P(AN B) = P(A)P(B), then A and B are
independent events.

Theorem: If A and B are independent, then P(A|B) = P(A).

Example: Toss two dice. Let A = “Sum is 7" and
B = “Firstdie is 4”. Then

P(A)=1/6, P(B)=1/6, and

P(AN B) = P((4,3)) = 1/36 = P(A)P(B).

So A and B are independent. O
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LBalsics

Definition: A random variable (RV) X is a function from the
sample space §2 to the real line, i.e., X : Q@ — R.

Example: Let X be the sum of two dice rolls. Then X ((4,6)) = 10.
In addition,

.

1/36 ifx =2
2/36 ifx=3
P(X =2 = : O
1/36 ifx =12
0 otherwise
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LBalsics

Definition: If the set of possible values of a RV X is finite or
countably infinite, then X is a discrete RV. Its probability mass
function (pmf) is f(x) = P(X = z). Note that ) | f(x) = 1.

Example: Flip 2 coins. Let X be the number of heads.

1/4 ifz=0o0r2
fl) =< 1/2 ifz=1 m

0 otherwise

Examples: Here are some well-known discrete RV’s that you may
know: Bernoulli(p), Binomial(n, p), Geometric(p), Negative
Binomial, Poisson(}\), etc.
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LBalsics

Definition: A continuous RV is one with probability zero at every
individual point, and for which there exists a probability density
Sunction (pdf) f(x ) such that P(X € A) = [, f(x) da for every set
A. Note that [, f(z)dz = 1.

Example: Pick a random number between 3 and 7. Then

a

fa) { 1/4 if3<a<7

0  otherwise

Examples: Here are some well-known continuous RV’s:
Uniform(a, b), Exponential()\), Normal(u, 0%), etc.

Notation: “~” means “is distributed as.” For instance,
X ~ Unif(0, 1) means that X has the uniform distribution on [0,1].
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LBalsics

Definition: For any RV X (discrete or continuous), the cumulative
distribution function (cdf) is

>oy<a fly) if X is discrete

F(z) = P(X <z) = { [* fly)dy if X is continuous

Note that lim,_,  F'(z) = 0 and lim,_,~, F'(z) = 1. In addition, if
X is continuous, then L F(z) = f(z).

Example: Flip 2 coins. Let X be the number of heads.

0 ifz<O
1/4 ifo<z<1
3/4 if1<z<?2
1 ifz>2

F(x) =

Example: if X ~ Exp(A) (i.e., X is exponential with parameter \),
then f(z) = e ™™ and F(z) =1 —e ™, 2>0. O
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LSimulating Random Variables

Simulating Random Variables

We’ll make a brief aside here to show how to simulate some very
simple random variables.

Example (Discrete Uniform): Consider a D.U.on {1,2,...,n},
i.e., X = i with probability 1/n for i = 1,2, ..., n. (Think of this as
an n-sided dice toss for you Dungeons and Dragons fans.)

If U ~ Unif(0, 1), we can obtain a D.U. random variate simply by
setting X = [nU], where [-] is the “ceiling” (or “round up”)

function.

For example, if n = 10 and we sample a Unif(0,1) random variable
U=0.73,then X = [7.3] =8. O
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LSimulating Random Variables

Example (Another Discrete Random Variable):

025 ifzx=-2
P(X ) 0.10 ifz=3
=T =
0.65 ifz=4.2

0 otherwise

Can’t use a die toss to simulate this random variable. Instead, use
what’s called the inverse transform method.

¢ f(z) P(X<z) Unif(0,1)s
-2 025 0.25 [0.00,0.25]
3010 0.35 (0.25,0.35]
42 065 1.00 (0.35,1.00)

Sample U ~ Unif(0, 1). Choose the corresponding z-value, i.e.,
X = F~1(U). For example, U = 0.46 means that X = 4.2. O
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LSimulating Random Variables

Now we’ll use the inverse transform method to generate a continuous
random variable. We’ll talk about the following result a little later. . .

Theorem: If X is a continuous random variable with cdf F'(x), then
the random variable F'(X) ~ Unif(0, 1).

This suggests a way to generate realizations of the RV X. Simply set
F(X) = U ~ Unif(0, 1) and solve for X = F~(U).

Example: Suppose X ~ Exp()\). Then F(z) = 1 —e~** for z > 0.
Set F(X)=1—e % =U. Solve for X,

—1
X = TEn(l—U) ~ Exp(A). O
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LSimulating Random Variables

Example (Generating Uniforms): All of the above RV generation
examples relied on our ability to generate a Unif(0,1) RV. For now,
let’s assume that we can generate numbers that are “practically” iid
Unif(0,1).

If you don’t like programming, you can use Excel function RAND ()
or something similar to generate Unif(0,1)’s.

Here’s an algorithm to generate pseudo-random numbers (PRN’s),
i.e., a series Ry, Ry, ... of deterministic numbers that appear to be iid
Unif(0,1). Pick a seed integer X, and calculate

X; = 16807X;_ymod(23! —1), i=1,2,....

Thenset R; = X;/(23' —1),i=1,2,....
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LSimulating Random Variables

Here’s an easy FORTRAN implementation of the above algorithm
(from Bratley, Fox, and Schrage).

FUNCTION UNIF(IX)

K1 =1X/127773 (this division truncates, e.g., 5/3 = 1.)
IX =16807*(IX - K1¥127773) - K1*2836  (update seed)
IFIX.LT.0O)IX = IX + 2147483647

UNIF = IX * 4.656612875E-10

RETURN

END

In the above function, we input a positive integer IX and the function

returns the PRN UNIF, as well as an updated IX that we can use
again. O
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LSimulating Random Variables

Some Exercises: In the following, I’ll assume that you can use
Excel (or whatever) to simulate independent Unif(0,1) RV’s. (We’ll
review independence in a little while.)

Make a histogram of X; = —¢n(U;), fori = 1,2,...,10000,
where the U;’s are independent Unif(0,1) RV’s. What kind of
distribution does it look like?

Suppose X; and Y; are independent Unif(0,1) RV’s,
i=1,2,...,10000. Let Z; = \/—2/n(X;) sin(27Y;), and
make a histogram of the Z;’s based on the 10000 replications.

Suppose X; and Y; are independent Unif(0,1) RV’s,
i=1,2,...,10000. Let Z; = X;/(X; — Y;), and make a
histogram of the Z;’s based on the 10000 replications. This may
be somewhat interesting. It’s possible to derive the distribution
analytically, but it takes a lot of work.

37/104



L Probability Primer
L Great Expectations

Great Expectations

Definition: The expected value (or mean) of a RV X is

BlY] = { Yoxf(x) if X is discrete _ /RxdF(x).

Jg xf(x)dx if X is continuous

Example: Suppose that X ~ Bernoulli(p). Then

¥ — 1 with prob. p
0 with prob. 1 — p (= q)

and wehave E[X] =" zf(z)=p. O
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L Great Expectations

Example: Suppose that X ~ Uniform(a,b). Then

b—a
0  otherwise

fla) = { A fa<z<bd

and we have E[X] = [z f(z)dr = (a +b)/2. O

Example: Suppose that X ~ Exponential(A). Then

Ae ™™ ifx >0
0 otherwise

and we have (after integration by parts and L’Hospital’s Rule)

E[X] = /R:z:f(:c)da; = /Uoox)\e)‘xd:c = % O
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L Great Expectations

Def/Thm: (the “Law of the Unconscious Statistician” or “LOTUS”):
Suppose that (X ) is some function of the RV X. Then

Yo h(x)f(z) if X isdisc

E[h(X)] = { Ja h(@) f(z)dw if X is cts

- /R h(z) dF ().

The function 2(X) can be anything “nice”, e.g., h(X) = X% or 1/X
or sin(X) or /n(X).
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L Great Expectations

Example: Suppose X is the following discrete RV:

r |2 3 4
f@) |03 06 01

Then E[X3] = Y 23 f(x) = 8(0.3) + 27(0.6) + 64(0.1) = 25. O

Example: Suppose X ~ Unif(0,2). Then

E[X"] = /Rz:”f(x) dr = 2"/(n+1). O
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L Great Expectations

Definitions: E[X "] is the nth moment of X.
E[(X — E[X])"] is the nth central moment of X.
Var(X) = E[(X — E[X])? is the variance of X.
The standard deviation of X is \/\m .

Theorem: Var(X) = E[X?] — (E[X])? (sometimes easier to
calculate this way).

42/104



LProbability Primer
LGrealt Expectations
Example: Suppose X ~ Bern(p). Recall that E[X] = p. Then
E[X?] = Zfo(J;) = p and
x

Var(X) = E[X?] - (BIX])2 = p(1—p). O
Example: Suppose X ~ Exp(\). By LOTUS,

E[X"] = / 2" Ne M dx = nl/\".
0

Var(X) = E[X? - (E[X])? = = — (%)2 = 1/x% O
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L Great Expectations

Theorem: E[aX + b] = aE[X] + b and Var(aX + b) = a*Var(X).

Example: If X ~ Exp(3), then

E[-2X +7] = —2E[X]+7 = -2 +7.

Var(—2X +7) = (=2)*Var(X) = -. O

44/104



L Probability Primer
L Great Expectations

Definition: My (t) = E[e!X] is the moment generating function
(mgf) of the RV X. (Mx (t) is a function of ¢, not of X!)

Example: X ~ Bern(p). Then

Mx(t) = Ble™X] = > e f(z) = e"'p+e¥q = pe' +¢q. O

xT

Example: X ~ Exp()). Then

o0 A
Mx(t) = /%et”f(x) dv = /\/ N gy = 1o fA>t O
; _

Theorem: Under certain technical conditions,

E[X*) = d—kMX(t)

v L k=1,2,....

t=0

Thus, you can generate the moments of X from the mgf.
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L Great Expectations

Example: X ~ Exp()). Then Mx(t) = ﬁ for A > t. So

E[X] = %Mx(t) = (Ajt)z =
Further,
2
BOC) = S| = 5| =2y
Thus,
Var(X) = E[X?] — (B[X])? = %—% — 1N O

Moment generating functions have many other important uses, some
of which we’ll talk about in this course.
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LFunctions of a Random Variable

Functions of a Random Variable

Problem: Suppose we have a RV X with pmf/pdf f(z). Let
Y = h(X). Find g(y), the pmf/pdf of Y.

Examples (take my word for it for now):
If X ~ Nor(0,1), then Y = X2 ~ x2(1).

If U ~ Unif(0,1), then Y = —1/n(U) ~ Exp(}).
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LFunctions of a Random Variable

Discrete Example: Let X denote the number of H’s from two coin
tosses. We want the pmf for Y = X3 — X.

T 0 1 2
f(x) /4 172 1/4
y=a—x ‘ 0 0 6

This implies that g(0) = P(Y =0) = P(X =0or1) = 3/4 and
g(6) = P(Y = 6) = 1/4. In other words,

3/4 ify=0
gly) = / . =
1/4 ify=6
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LFunctions of a Random Variable

Continuous Example: Suppose X has pdf f(x) = |z,
—1 < z < 1. Find the pdf of Y = X?2.

First of all, the cdf of Y is

Gly) = P <y)
= P(X*<y)
= P(-/y<X<Vy)
VY
:/ lz|de =y, 0<y<l.
-y

Thus, the pdf of Y is g(y) = G’(y) = 1,0 < y < 1, indicating that
Y ~ Unif(0,1). O
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LFunctions of a Random Variable

Inverse Transform Theorem: Suppose X is a continuous random
variable having cdf F'(x). Then, amazingly, F'(X) ~ Unif(0, 1).

Proof: Let Y = F(X). Then the cdf of Y is

PY<y) = PF(X)<y)
= P(X <F '(y))

which is the cdf of the Unif(0,1). O

This result is of fundamental importance when it comes to generating
random variates during a simulation.
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LFunctions of a Random Variable

Example (how to generate exponential RV’s): Suppose
X ~ Exp(A), with cdf F(x) =1 — e forx > 0.

So the Inverse Transform Theorem implies that
F(X) = 1—e ™ ~ Unif(0,1).
Let U ~ Unif(0,1) and set F'(X) = U. Then we have

—1
X = 7£n(1—U) ~ Exp(A).

For instance, if A = 2 and U = 0.27, then X = 0.157 is an Exp(2)
realization. 0O
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LFunctions of a Random Variable

Exercise: Suppose that X has the Weibull distribution with cdf
Flx)=1- e_(’\l’)ﬁ,x > 0.

If you set F'(X) = U and solve for X, show that you get

1
X =1 [~m(1- p) A
Now pick your favorite A and 3, and use this result to generate values
of X. In fact, make a histogram of your X values. Are there any

interesting values of A\ and 3 you could’ve chosen?
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LFunctions of a Random Variable

Bonus Theorem: Here’s another way to get the pdf of Y = h(X)
for some nice continuous function A(-). The cdf of Y is

Fy(y) = P(Y <y) = P(h(X)<y) = P(X <h'(y)).

By the chain rule (and since a pdf must be > 0), the pdf of Y is

) = oFv() = fx(hl(y))’;;fll(y)‘-
And now, here’s how to prove LOTUS!
o) = [t = [ yfx(h_l(y))’jyh_l(y)‘ dy

= [t @) dn o) = [ b)) de. 0
R

R
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LJointly Distributed Random Variables

Jointly Distributed Random Variables

Consider two random variables interacting together — think height
and weight.

Definition: The joint cdf of X and Y is

F(z,y) = P(X <z,Y <y), forallz,y.

Remark: The marginal cdf of X is Fx(x) = F(x,00). (We use the
X subscript to remind us that it’s just the cdf of X all by itself.)
Similarly, the marginal cdf of Y is Fy (y) = F (o0, y).
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Definition: If X and Y are discrete, then the joint pmf of X and Y is
f(z,y) = P(X =2,Y =y). Note that 3, > f(z,y) = 1.

Remark: The marginal pmf of X is
fx(x) = P(X =2) = ) f(z,y).
The marginal pmf of Y is

Kry) = PY =y) = > f(zy).

Example: The following table gives the joint pmf f(x,y), along
with the accompanying marginals.

fly | X=2 X=3 X=4] fr(y)

Y =4 0.3 0.2 0.1 0.6

Y =6 0.1 0.2 0.1 0.4

fx(x) 0.4 0.4 0.2 1
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Definition: If X gmd Y are continuous, then the joint pdf of X and
Yis f(z,y) = 8‘2—8yF(1’,y). Note that [, [ f(z,y) dzdy = 1.

Remark: The marginal pdf’s of X and Y are
/fxydy and  fy(y /f:vy

Example: Suppose the joint pdf is
21

f(xvy) = Zl'Qy) $2§y§1

Then the marginal pdf’s are:

Lo1 21
Z/f(ﬂfvy)dyz/ —atydy = —a*(1-z"), -1 <z <1
R 2 4 8

V¥ 21
/fxy / Aozyae = Ll 0<y<1 o
\/y 4 2 56/104
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Definition: X and Y are independent RV’s if

flz,y) = fx(@)fy(y) forallz,y.

Theorem: X and Y are indep if you can write their joint pdf as
f(z,y) = a(x)b(y) for some functions a(x) and b(y), and x and y
don’t have funny limits (their domains do not depend on each other).

Examples: If f(z,y) = cxy for0 < 2z < 2,0 <y < 3, then X and
Y are independent.

If f(z,y) = Za?y fora? <y < 1, then X and Y are not
independent.

If f(z,y) =c/(x+y)forl <z <2,1<y<3, then X andY are
not independent. O
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Definition: The conditional pdf (or pmf) of Y given X = z is
fylz) = f(z,y)/ fx(x) (assuming fx (z) > 0).

This is a legit pmf/pdf. For example, in the continuous case,
Jr flylz) dy = 1, for any .

Example: Suppose f(z,y) = aa:2y for 2 < y < 1. Then
) ity 2y

f@y) _ - $2<y<1. O

f(y|$) = fng) 2§1 (1 _ .%'4> 1— (I,'4’

Theorem: If X and Y are indep, then f(y|z) = fy (y) for all z,y.

Proof: By definition of conditional and independence,

flzy) _ Ix(@)fr()
fx(x) fx(x)

|

flylz) =
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Definition: The conditional expectation of Y given X = x is

E[Y|X =z] = >y yf(ylz)  discrete
- Jg yf(ylx)dy continuous

Example: The expected weight of a person who is 7 feet tall
(E[Y'|X = 7]) will probably be greater than that of a random person

from the entire population (E[Y]).

Old Cts Example: f(z,y) = 2'2?y, if 22 < y < 1. Then

bgy2 21—z
E[Y|z] = dy = dy = = ——. O
[Y|z] /Ryf(y\ﬂf) y /$21$4 y=3 1A
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Theorem (double expectations): E[E(Y|X)] = E[Y].

Proof (cts case): By the Unconscious Statistician,

/ E(Y|e)fx (z) d
R

= [ ([ vstie)ay) () o
- //yfy\wfx ) da dy
= /Ry/Rf(:U’y)diﬂdy

= /yfy(y)dy = E[Y]. O
R

E[E(Y]X)]
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Old Example: Suppose f(z,y) = Zz?y, if 22 <y < 1. By

previous examples, we know fx (x), fy (y), and E[Y|z]. Find E[Y].
Solution #1 (old, boring way):
YT o 7
BY] = [yhydy = | Sy"7dy = 5.
R 0
Solution #2 (new, exciting way):

B[] = E[E(Y]X)] = /R E(Y|z) fx (z) da

V72 1—a%\ /21, 7
= i Y el = -,
/—1<3 1—$4><8$( a:))da; 9

Notice that both answers are the same (good)! O
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Example: A cutesy way to calculate the mean of the Geometric
distribution.

Let Y ~ Geom(p), e.g., Y could be the number of coin flips before H
appears, where P(H) = p. From Baby Probability class, we know
that the pmf of Y is fy (y) = P(Y = y) = ¢ " !p,fory = 1,2,....

Then the old-fashioned way to calculate the mean is:
o0
EY] = > ufvy) = > v 'p = 1/p,
Y y=1

where the last step follows because I tell youso. O
But if you are not quite willing to believe me,...
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...Let’s use double expectation to do what’s called a “standard
one-step conditioning argument”. Define X = 1 if the first flip is H;
and X = 0 otherwise.
Based on the result X of the first step, we have
EY] = E[E(Y[X)] = S E(Y|2)fx()
xT
= EY|X=0PX=0+EY|X=1)P(X=1)
= (I+E[Y)A-p)+1(p). (why?)

Solving, we get E[Y] = 1/p again! O
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Computing Probabilities by Conditioning

Let A be some event, and define the RV Y = 1 if A4 occurs; and
Y = 0 otherwise. Then

ElY] = Y yfv(y) = P(Y =1) = P(A).
Yy

Similarly, for any RV X, we have

EY|X =a] = Y yfv(yle) = P(Y = 1|X =2) = P(AIX =2).
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Thus,
P(A) = E[Y] = E[E(Y|X)]
_ /RE[Y\X_x]dFX(x)

- /P(A|X — 2)dFx ().
R
Example/Theorem: If X and Y are independent cts RV’s, then
PY<X) = / P(Y <x)fx(x)dx.
R

Proof: Follows from above result if we let the event A = {Y < X }.
g
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Example: If X ~ Exp(u) and Y ~ Exp(\) are indep RV’s, then
PY<X) = /P(Y < x)fx(x)drx
R
= / (1 — e ) e M dx
0
A

- — . 0O
A+
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Theorem (variance decomposition):
Var(Y) = E[Var(Y|X)] + Var [E(Y|X)]
Proof (from Ross): By definition of variance and double expectation,
E[Var(Y|X)] = E[E(Y?X)—{E(]X)}]
= E(Y?)-E {{E(Y|X)}2} .
Similarly,
Var[E(Y]X)] = E[{E(Y|X)}’] - {E[E(V]X)]}”
= E[{BOX)P] - {EM)).
Thus,

E [Var(Y |X)]+Var [E(Y|X)] = E(Y2)—{E(Y)}? = Var(Y). O
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“Definition” (two-dimensional LOTUS): Suppose that 2(X,Y) is
some function of the RV’s X and Y. Then

dow Z h(w y) (x,y) if (X,Y)is discrete

Er(X,Y)] = . o
Jz Jg Mz, y) f(x,y) dzdy if (X,Y) is continuous

Theorem: Whether or not X and Y are independent, we have
E[X +Y] =E[X]+ E[Y].

Theorem: If X and Y are independent, then
Var(X +Y) = Var(X) + Var(Y).

(Stay tuned for dependent case.)
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Definition: X1,..., X,, form a random sample from f(z) if (i)
X1,...,X, are independent, and (ii) each X; has the same pdf (or

pmf) f(z).

Notation: X,..., X, id f(x). (The term “iid” reads independent
and identically distributed.)

Example: If X,..., X, iif% f(x) and the sample mean

X, =Y, Xi/n, then E[X,,] = E[X;] and Var(X,,) = Var(X;)/n.
Thus, the variance decreases as n increases. O

But not all RV’s are independent...
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Covariance and Correlation
Definition: The covariance between X and Y is

Cov(X,Y) = E[(X — E[X])(Y —E[Y])] = E[XY] - E[X]E[Y].
Note that Var(X) = Cov(X, X).

Theorem: If X and Y are independent RV’s, then Cov(X,Y") = 0.
Remark: Cov(X,Y) = 0 doesn’t mean X and Y are independent!

Example: Suppose X ~ Unif(—1,1)and Y = X2, Then X and Y’
are clearly dependent. However,

Cov(X,Y) = E[X?|-E[X]|E[X?] = E[X?] = / —dr = 0. O
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Theorem: Cov(aX,bY) = abCov(X,Y).
Theorem: Whether or not X and Y are independent,
Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y)

and

Var(X —Y) = Var(X) + Var(Y) — 2Cov(X,Y).

Definition: The correlation between X and Y is
_ Cov(X,Y)
P Nar(X)Var(Y)

Theorem: —1 < p < 1.
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Example: Consider the following joint pmf.

flzy) | X =2 X=3 X=4| fr(y)
Y =40| 000 020 0.0 | 03
Y=50| 015 010 005 | 03
Y=60| 030 000 010 | 04
fx(z) | 045 030 025 1

E[X] = 2.8, Var(X) = 0.66, E[Y] = 51, Var(Y) = 69,

BLXY) = 33 euf(e,y) — 10,

T

nd
a _ EXY]-BIXEY] _ e o
P Var(X)Var(Y) o
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Portfolio Example: Consider two assets, S; and Sy, with expected

returns E[S;] = 1 and E[Sy] = ji2, and variabilities Var(S;) = o7,

Var(Ss) = 03, and Cov(S1, S2) = 012.
Define a portfolio P = wS1 + (1 — w)Sa, where w € [0, 1]. Then
E[P] = wpr + (1 —w)pe
Var(P) = w?0} + (1 —w)?05 4+ 2w(1 — w)oqa.

Setting %Var(P) = 0, we obtain the critical point that (hopefully)
minimizes the variance of the portfolio,

2
g5 — O
- 2 12 0O

2 2 :
o1 + 05 — 2012
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Portfolio Exercise: Suppose E[S;] = 0.2, E[SQ] 0.1,
Var(S1) = 0.2, Var(S2) = 0.4, and Cov(Si, S2) = —0.1.

What value of w maximizes the expected return of the portfolio?

What value of w minimizes the variance? (Note the negative
covariance I've introduced into the picture.)

Let’s talk trade-offs.
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Some Probability Distributions
First, some discrete distributions. ..

X ~ Bernoulli(p).
P ifez=1
flz) = .
l-p(=q) ifz=0
E[X] = p, Var(X) = pg, Mx(t) = pet + q.

Y ~ Binomial(n, p). If X1, Xo,..., X, S Bern(p) (i.e.,
Bernoulli(p) trials), then Y = 3" | X; ~ Bin(n,p).

fly) = <n> p¢d"Y, y=0,1,...,n.
y
E[Y] = np, Var(Y') = npq, My (t) = (pe' + q)™.
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X ~ Geometric(p) is the number of Bern(p) trials until a success
occurs. For example, “FFFS” implies that X = 4.

flx) = ¢"'p, z=1,2,....
BIX] =1/p, Var(X) = q/p*, Mx(t) = pe' /(1 — ge").
Y ~ NegBin(r, p) is the sum of 7 iid Geom(p) RV’s, i.e., the time

until the rth success occurs. For example, “FFFSSFS” implies that
NegBin(3,p) = 7.

—1
fly) = <i_1> ¢, y=rr+l..

E[Y] = r/p, Var(Y) = qr/p*.

76/104



LProbability Primer

LSome Probability Distributions

X ~ Poisson(A).

Definition: A counting process N (t) tallies the number of “arrivals”
observed in [0, t]. A Poisson process is a counting process satisfying
the following.
i. Arrivals occur one-at-a-time at rate A (e.g., A = 4 customers/hr)
ii. Independent increments, i.e., the numbers of arrivals in disjoint
time intervals are independent.
iii. Stationary increments, i.e., the distribution of the number of
arrivals in [s, s + t] only depends on ¢.

X ~ Pois(A) is the number of arrivals that a Poisson process
experiences in one time unit, i.e., N(1).

—)\)\x
f(av):6 , =0,1,....
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Now, some continuous distributions. . .

X ~ Uniform(a, b). f(z) = 3L fora <z < b, E[X] = 2,
Var(X) = U292 My (t) = (e — ¢@)/(tb — ta).

X ~ Exponential(\). f(x) = Ae ™ forz > 0, E[X] = 1/,
Var(X) = 1/)2%, Mx(t) = \/(A—t) fort < .

Theorem: The exponential distribution has the memoryless property
(and is the only continuous distribution with this property), i.e., for
5,t>0, P(X >s+t|X >s)=P(X >1t).

Example: Suppose X ~ Exp(A = 1/100). Then

P(X >200|X >50) = P(X >150) = e = ¢ 150/100
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X ~ Gamma(a, ).
)\al.a—le—kzv

1) =

;o x 20,
where the gamma function is
INa) = /OO t* et dt.
0
E[X] = a/), Var(X) = a/\2, My (t) = [A/()\ . t)r‘ fort < .

If X1, X, ..., X, % Exp(\), thenY = 3" | X; ~ Gamma(n, \).

The Gamma(n, A) is also called the Erlang,, (). It has cdf

n—1 ;
_ Ay)?
By = 1-e Y By s
=0 7
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X ~ Triangular(a, b, ¢). Good for modeling things with limited
data — a is the smallest possible value, b is the “most likely,” and c is

the largest.
_ 2(c—x) .
flx) = b e=a) ifb<ax<e
0 otherwise

EX]=(a+b+¢)/3.

X ~ Beta(a, ). f(z) = ristia® 1 (1 —2)* ! for0 <o < 1and
a,b>0.

ab
(a+b)2(a+b+1)

EX] = and Var(X) =

a+b
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X ~ Normal(p, o). Most important distribution.

f) = Jir?exp[_(z;;u)z}, reR.

E[X] = p, Var(X) = 02, and Mx(t) = exp(ut + 302t?).
Theorem: If X ~ Nor(u,0?), then aX + b ~ Nor(au + b, a?c?).

Corollary: If X ~ Nor(y,0?), then Z = % ~ Nor(0, 1), the
standard normal distribution, with pdf ¢(z) = \/%e*%/ 2 and cdf
®(z), which is tabled. E.g., ®(1.96) = 0.975.

Theorem: If X and X are independent with X; ~ Nor(p;, 012),
i = 1,2, then X1 + Xo ~ Nor(u1 + pio, 03 + 03).

Example: Suppose X ~ Nor(3,4), Y ~ Nor(4,6), and X and Y
are independent. Then 2X — 3Y + 1 ~ Nor(—5,70). O
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Corollary (of a previous theorem): If X7, ..., X, are iid Nor(p, 02),
then the sample mean X,, ~ Nor(u, o2 /n).

This is a special case of the Law of Large Numbers, which says that
X, approximates ; well as n becomes large.

Definition: The sequence of RV’s Y7, Ys, . .. with respective cdf’s
Fy,(y), Fy,(y), ... converges in distribution to the RV Y having cdf
Fy (y) if lim, o Fy, (y) = Fy (y) for all y belonging to the

o . d
continuity set of Y. Notation: Y, — Y.

Idea: If Y, %5 Y and n is large, then you ought to be able to
approximate the distribution of Y,, by the limit distribution of Y.
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Central Limit Theorem: If X1, X5,..., X, ig f(x) with mean g

and variance o2, then

noX— X, —
=z X VXm0 o ),

Vno o

Thus, the cdf of Z,, approaches ®(z) as n increases.

Zn

The CLT is the most-important theorem in the universe.

The CLT usually works well if the pmf/pdf is fairly symmetric and
n > 15.

We will eventually look at more-general versions of the CLT
described above.
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Example: If X1, Xs, ..., X100 - Exp(1) (so pt = 02 = 1), then

100
P(90 < ZXZ- < 110>

=1
90 — 100 110 — 100
= Pl — <7 < —
< vioo ~ M= 100 >
~ P(—1<Nor(0,1) <1) = 0.6827.

By the way, since Zjﬂ? X; ~ Erlang;_,0(A = 1), we can use the
cdf (which may be tedious) or software such as Minitab to obtain the

exact value of P(90 < 31" X; < 110) = 0.6835.

Wow! The CLT and exact answers match nicely! O
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Exercise: Demonstrate that the CLT actually works.
Pick your favorite RV X;. Simulate it and make a histogram.

Now suppose X; and X are iid from your favorite distribution.
Make a histogram of X; + Xo.

Now X7 + X5 + X3.
... Now X7 4+ X5 + - -- + X, for some reasonably large n.

Does the CLT work for the Cauchy distribution, i.e.,
X = tan(27U), where U ~ Unif(0,1)?
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Intro to Estimation

Definition: A statistic is a function of the observations X1, ..., X,
and not explicitly dependent on any unknown parameters.

Examples of statistics: X = 13" | X, §% = LS (X, — X)2

Statistics are random variables. If we take two different samples,
we’d expect to get two different values of a statistic.

A statistic is usually used to estimate some unknown parameter from
the underlying probability distribution of the X;’s.

Examples of parameters: y, o2.
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Let X1,...,X, beiid RV’sandlet T(X) = T'(Xy,...,X,) be a
statistic based on the X;’s. Suppose we use 7'(X) to estimate some
unknown parameter 6. Then T'(X) is called a point estimator for 6.

Examples: X is usually a point estimator for the mean y = E[X;],
and S? is often a point estimator for the variance 02 = Var(X;).

It would be nice if 7'(X) had certain properties:
* Its expected value should equal the parameter it’s trying to estimate.

* It should have low variance.
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Unbiased Estimators
Definition: 7'(X) is unbiased for 0 if E[T(X)] = 0.

Example/Theorem: Suppose X7, ..., X, are iid anything with
mean u. Then

- E{ii){] - izn:E[Xi] ~ BX] = p
i=1 =1

So X is always unbiased for . That’s why X is called the sample
mean.

Baby Example: In particular, suppose X1, ..., X, are iid Exp(}).
Then X is unbiased for u = E[X;] = 1/\.

But be careful.... 1/X is biased for ) in this exponential case, i.e.,

B[1/X] # 1/B[X] = .
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Example/Theorem: Suppose X1, ..., X,, are iid anything with
mean /£ and variance o2. Then

E[S?] — E[Z?ﬂ:l)izl_)_(y] = Var(X;) = o2

Thus, S? is always unbiased for o2. This is why S? is called the
sample variance.

Baby Example: Suppose X1, ..., X, are iid Exp(\). Then S? is
unbiased for Var(X;) = 1/)2.
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Proof (of general result): First, some algebra gives

> (Xi — X)? _ > iy XF —nX?

SQ
n—1 n—1

Since E[X1] = E[X] and Var(X) = Var(X;)/n = 02/n, we have

- ?] — nE[X? n _
pls?) = e n_1<E[X12]—E[X2}>
= 5 - 1 (Var(Xl) + (E[X1])? — Var(X) — (E[X])2>
- n7_11(‘72_‘72/n) =0’ O

Remark: S is biased for the standard deviation o.
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Big Example: Suppose that X,..., X, g Unif(0, #), i.e., the pdf

is f(x) =1/6,0 <2 < 0.

Consider two estimators: Y3 = 2X and Y, = "TH maxj<ij<n X;

Since E[Y1] = 2E[X] = 2E[X;] = 0, we see that Y] is unbiased for 6.

It’s also the case that Y5 is unbiased, but it takes a little more work to
show this. As a first step, let’s get the cdf of M = max; X;,
PM<y) = P(X;<yand Xo <yand --- and X,, <y)

= J[P(Xi<y) = [P(X1<y))* (Xy's areiid)

1=

1
- [/Oyfxl(a:)dxr = [/Oyl/9dw]n = (y/0)".
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This implies that the pdf of M is

d n n—1
() = /o = "

and this implies that

0 0
ny” no
E[M] = /0 yfm(y)dy = ; Qin = T

Whew! So we see that Y, = 21 maxi<j<n X; is unbiased for 6.

~ n
So both Y7 and Y5 are unbiased for 6, but which is better?

Let’s now compare variances. After similar algebra, we have
62 62
Var(Y1) = — d Var(Ys) = —.
ar(Y1) 3, A ar(Y2) T P

Thus,Y5 has much lower variance than Y,. O
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Mean Squared Error

Definition: The bias of T'(X) as an estimator of 6 is
Bias(T) = E[T] — 6.

The mean squared error of T(X) is MSE(T) = E[(T — 6)?].

Remark: After some algebra, we get an easier expression for MSE
that combines the bias and variance of an estimator

MSE(T) = Var(T) + (E[T] — 6)%

Bias

Lower MSE is better — even if there’s a little bias.
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Definition: The relative efficiency of T to T7 is
MSE(T1)/MSE(T5). If this quantity is < 1, then we’d want 77.

Example: X;,..., X, 1iﬁiUmf(O 0).

1

Two estimators: Y7 = 2X and Vs = max; X;.

Showed before E[Y]] = E[Y2] = 6 (so both are unbiased).

Also, Var(Yy) = & and Var(V3) = L.

Thus, MSE(Y}) = £ and MSE(Y3) = 5, s0 Y3 is beter.
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Maximum Likelihood Estimators

Definition: Consider an iid random sample X7, ..., X,,, where each
X; has pdf/pmf f(x). Further, suppose that 6 is some unknown
parameter from X;. The likelihood function is L(0) = [[;—; f(x:).

Definition: The maximum likelihood estimator (MLE) of 8 is the
value of ¢ that maximizes L(#). The MLE is a function of the X;’s
and is a RV.

Example: Suppose X1,..., X, i Exp()). Find the MLE for \.

L\ = Hf(xl) = ﬁ)\e_)‘mi = A"exp()\zn:xi>.
‘ i=1 i=1

Now maximize L(\) with respect to \.
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Could take the derivative and plow through all of the horrible algebra.
Too tedious. Need a trick.. ..

Useful Trick: Since the natural log function is one-to-one, it’s easy to
see that the \ that maximizes L(\) also maximizes {n(L(\))!

m(L(\) = €n<)\" exp ( - )\Z:m)) = nfn(A) — )\in

This makes our job less horrible.

d d - N e
(L) = a(nen(x)—xzxi) - 1-Y @ =0

=1 i=1

This implies that the MLE is A = 1/X. O
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Remarks: (1) A = 1/X makes sense since E[X] = 1/\.

(2) At the end, we put a little hat over ) to indicate that this is the
MLE.

(3) At the end, we make all of the little x;’s into big X;’s to indicate
that this is a RV.

(4) Just to be careful, you probably ought to perform a
second-derivative test, but I won’t blame you if you don’t.
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Invariance Property of MLE’s

Theorem (Invariance Property): If § is the MLE of some parameter

0 and h(-) is a one-to-one function, then h(6) is the MLE of h(6).

Example: Suppose X1,..., X, i Exp()\). We define the survival

function as

Flz) = P(X>z) = 1-F(z) = e,
In addition, we saw that the MLE for X is A = 1 /X.

Then the invariance property says that the MLE of F(z) is

—

F(z) = e = g@/X

This kind of thing is used all of the time the actuarial sciences. O
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Distributional Results and Confidence Intervals

There are a number of distributions (including the normal) that come
up in statistical sampling problems. Here are a few:

Definitions: If 71, 7, ..., Zj are iid Nor(0,1), then Y = Ele 7Z?
has the x? distribution with k degrees of freedom (df). Notation:
Y ~ x2(k). Note that E[Y] = k and Var(Y) = 2k.

If Z ~ Nor(0,1),Y ~ x%(k), and Z and Y are independent, then
T = Z/\/Y/k has the Student t distribution with k df. Notation:
T ~ t(k). Note that the ¢(1) is the Cauchy distribution.

If Y1 ~ x%(m), Yo ~ x%(n), and Y7 and Y3 are independent, then
F = (Y1/m)/(Ya/n) has the F distribution with m and n df.
Notation: F' ~ F(m,n).
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How (and why) would one use the above facts? Because they can be
used to construct confidence intervals (Cls) for ;1 and o under a
variety of assumptions.

A 100(1 — )% two-sided CI for an unknown parameter 6 is a
random interval [L, U] suchthat P(L <0 <U)=1—«a.

Here are some examples / theorems, all of which assume that the X;’s
are iid normal. . .

Example: If o2 is known, then a 100(1 — «)% CI for y is

~ [o2 B [o2
Xn_za/Q ; S p s Xn+za/2 ;7

where 2, is the 1 — 7 quantile of the standard normal distribution, i.e.,
2y = @711 — ).
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Example: If o2 is unknown, then a 100(1 — )% CI for p is

- /52 ~ /52
Xn _ta/2,n71 ? < p <Xy +to¢/2,n71 ?7

where ¢, ,, is the 1 — ~ quantile of the ¢(/) distribution.
Example: A 100(1 — a)% CI for o2 is

(n—1)82 < 2 < (n—1)82

2 2
X%,n—l Xl—%,n—l

)

where x2 , is the 1 — ~ quantile of the x?(v) distribution.
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Exercise: Here are 20 residual flame times (in sec.) of treated
specimens of children’s nightwear. (Don’t worry — children were not
in the nightwear when the clothing was set on fire.)

9.85 993 975 9.77 9.67
9.87 9.67 994 985 9.75
9.83 992 974 9.99 988
995 995 993 9.92 9.89

Let’s get a 95% CI for the mean residual flame time.
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After a little algebra, we get

X = 9.8525 and S = 0.0965.

Further, you can use the Excel function t . inv (0.975,19) to get
laj2,n—1 = to.025,19 = 2.093.

Then the half-length of the Cl is

2.093)(0.0965)
H o=t /50 = — 0.0451.
/2,n—1 / m

Thus, the Clis p € X £+ H, or 9.8074 < pu < 9.8976. O
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